Particles in planetary rings orbit the central planet, and undergo collisions and gravitational interactions with other particles. As a result, their orbits become inclined and non-circular. Also, ring particles likely have rough surfaces, and an oblique impact between them leads to rotation. In the case of dilute rings where collision frequency is sufficiently smaller than the orbital frequency, particles' orbits evolve through successive two-body collisions and/or gravitational encounters, and the evolution can be described by the formulation based on the three-body problem. We describe basic equations for such cases, and derive evolution equations for particle velocity dispersion and spin rates. We also discuss effects of rings' self-gravity, which become dominant in dense rings. Collisions and gravitational interactions between particles result in angular momentum transfer in planetary rings. We discuss ring viscosity, which determines the rate of angular momentum transfer in rings. Viscosity in dilute rings can be expressed by particles' velocity dispersion and is proportional to the ring surface density for a given particle size, while the dependence of the viscosity on ring surface density is stronger in dense self-gravitating rings, where angular momentum is transferred by interactions between gravitational wakes. §1. Introduction and summary Dynamics of systems of interacting particles in shear flow is an important subject in granular physics and in other various fields, including astrophysics. In many astrophysical particle disks where shear flow is induced by differential rotation, the effect of gravitational interactions between constituent particles is dominant over that of physical collisions; for example, mutual gravity governs the dynamical evolution in disks of stars or planetesimal disks in the early stage of planetary formation. On the other hand, inelastic collisions between particles play an important role in planetary rings, which is located close to the central planet and largely influenced by the planet's tidal effects.
§1. Introduction and summary
Dynamics of systems of interacting particles in shear flow is an important subject in granular physics and in other various fields, including astrophysics. In many astrophysical particle disks where shear flow is induced by differential rotation, the effect of gravitational interactions between constituent particles is dominant over that of physical collisions; for example, mutual gravity governs the dynamical evolution in disks of stars or planetesimal disks in the early stage of planetary formation. On the other hand, inelastic collisions between particles play an important role in planetary rings, which is located close to the central planet and largely influenced by the planet's tidal effects.
When mutual gravity between particles is neglected, equilibrium dynamical properties of ring particles are determined by balance between energy gain from the mean shear flow and energy dissipation due to inelastic collisions (e.g., Ref. 1); see reviews by Refs. 2),3)). In the case of Saturn's rings, for example, mutual gravity between particles is also important, especially in the outer region, where tidal effects are reduced. Furthermore, in dense rings such as Saturn's A and B rings, collective effects govern the dynamical evolution and result in the formation of the so-called gravitational wakes (Refs. 4)-6); Fig. 4) .
In dilute systems consisting of particles on Keplerian orbits about a central massive body, their dynamical evolution can be described by the formalism based on the three-body problem (i.e., two interacting particles and the central body). 7), 8) In the present paper, summarizing results of previous works, we describe basic equations for such cases ( §2), and show the derivation of evolution equations for particle velocity dispersion ( §3) and spin rates ( §4). The derived evolution equations can be applied to systems of particles with an arbitrary size distribution. We show that the evolutions calculated by solving these equations agree with results of N -body simulation for dilute systems. We briefly comment on implications of these dynamical studies for observed features of planetary rings. We also discuss the importance of the disk self-gravity in dense rings, which cannot be described by the above three-body formulation. We show that ring viscosity is significantly enhanced in dense selfgravitating rings, where angular momentum is transferred by interactions between gravitational wakes ( §5). §2.
Description of particle motion
We consider motion of mutually interacting particles (with masses m i and m j ) orbiting a central massive body (with mass M c ). We use a rotating Cartesian coordinate system with origin that moves on a circular orbit with semimajor axis a 0 at the Keplerian angular velocity Ω = GM c /a 3 0 , the x axis pointing radially outward, the y axis pointing in the direction of the orbital motion, and the z axis normal to the equatorial plane. The masses of particles are assumed to be much smaller than M c , and the orbital eccentricity e j and inclination i j of particle j are assumed to be much smaller than unity. In this case, equations for the motion of particle j moving under the gravitational influence of the central body and particle i in the above rotating coordinate system can be linearized and are given as 7), 8)
On the right-hand side, the 2Ωẏ j and −2Ωẋ j terms represent the Coriolis force, the 3Ω 2 x j and −Ω 2 z j terms represent the tidal force (i.e., the sum of the gravitational force of the central body and the centrifugal force), and the last terms represent the mutual gravity between particles i and j. Equation (2 . 1) is called Hill's equation. When the mutual gravitational terms can be neglected, the solutions for Eq. (2 . 1) describe the Kepler motion of particle j as 
,
where b j ≡ a j −a 0 with a j being the semimajor axis of particle j, τ j and ω j determine orbital phase angles, and λ j is the azimuthal position of the guiding center at t = 0. Equations (2 . 2) and (2 . 3) show that the particle's Kepler motion is described by the epicyclic motion superimposed on the guiding center motion on a circular orbit. The orbital elements e j , b j etc. are constant when mutual gravity can be neglected. Particles' motion can be described in the form of Eqs. (2 . 2) and (2 . 3) also when mutual gravity cannot be neglected; in this case, the orbital elements vary with time.
Under the approximations described above, the equations of motion can be separated into the center of mass motion and the relative motion. 8)-10) Here, we define the relative position x = (x, y, z) and the position of the center of mass X = (X, Y, Z) for particles 1 and 2 as
In this case, using Eq. (2 . 1), the equations for the center of mass motion can be written as 5) which is similar to Eq. (2 . 1) but without the terms for mutual gravitational interaction. This shows that the center of mass motion is unaffected by the mutual gravitational interaction and follows a Keplerian orbit with constant orbital elements. On the other hand, equations for the relative motion can be described as
The above equations are similar to Eq. (2 . 1) and, again, the right-hand side represents the Coriolis force, the tidal force, and the mutual gravitational force. When the mutual gravity can be neglected, the solutions for Eq. (2 . 6) can be written as 9) with the potential U J given as
The first two terms on the right-hand side of Eq. (2 . 10) represents the tidal potential, the third term is the mutual gravitational potential, and the last term has been added so that U J vanishes at the Lagrangian points (x, y, z) = (±R H , 0, 0) ( Fig. 1) . Here, R H is called the Hill radius, and is defined as
The Hill radius represents the size of the region where the mutual gravity becomes dominant over the gravity of the central body. 
14) 
The plots of U are given in Fig. 1 . The U = 0 surface defines the so-called Hill sphere, which is actually lemon-shaped. Since U < 0 inside the Hill sphere, only particles with positive E can enter the sphere, and they cannot escape out of the sphere if their energy is reduced to negative values by some dissipative processes such as inelastic collision, or gas drag if the particles are embedded in the nebular gas, as in the case of planetesimals in the early stage of planet formation. 11) When both collisions and gravitational encounters between particles are important, as in the case of planetary rings, the ratio of the Hill radius to the sum of the physical radii of colliding particles is an important parameter describing the relative importance of gravitational encounters and collisions. The ratio r h can be written as 3), 12) where R j (j = 1, 2) is the radius of particle j, ρ p is the internal density of particles, and δ = m 2 /m 1 is the mass ratio of the colliding particles. The inverse of r h , i.e.,
is also often used in the literature. 5), 10), 11), 13) In the case of encounters between planetesimals orbiting the Sun at 1 ∼ 5AU, r h 200−10 3 (r p 1×10 −3 −5×10 −3 ), while r h (and r p ) is on the order of unity in the case of planetary rings. 11) It should be noted that the masses of particles or the distance from the central body do not appear explicitly in the nondimensional Eq. (2 . 13), but the orbital behavior depends on these quantities through r h or r p , when direct collisions are taken into account. Therefore, results of orbital integration obtained by solving Eq. (2 . 13) can be applied to various combinations of masses and a 0 , as long as the dependence of the results on r h or r p is taken into account appropriately. Figure 2 shows examples of orbits for r p = 10 −3 (r h = 10 3 ) and 1 (r h = 1). When direct collision is taken into account in solving the equation of motion for the relative motion of particles, the velocity change due to collision can be calculated, for example, based on the hard-sphere model, as follows. Suppose that two particles collide with each other with relative velocity of their centers in the rotating coordinate system v, and that their relative position at impact is given by r. We express the normal and the tangential component of v to the tangent plane as v n and v t , respectively. In this case, the normal and the tangential components of the relative velocity of the two contacting points (i.e., the relative velocity of the surfaces of the two particles at the point of contact) at the time of impact can be written as 14)-17) 
where λ ≡ r/|r| is the unit vector pointing from the center of particle 1 to that of particle 2; Ω ≡ (0, 0, Ω) is the Keplerian angular velocity vector of the particles; ω j is the spin rate vector of particle j, which needs to be taken into account when particle surface friction is included; ω Rj is the spin rate vector measured in the rotating coordinate system; and we used the relation r = (R 1 + R 2 )λ at impact. In the expression for u t in Eq. (2 . 20), v t is the relative tangential velocity between the centers of the colliding particles, as mentioned above, and the rest represents the relative tangential velocity due to spins of the particles (expressed in terms of spin rates measured on the inertial frame in the first line, and in terms of those measured on the rotating coordinate system in the second line). We introduce the normal and the tangential restitution coefficients, ε n and ε t , where 0 ≤ ε n ≤ 1 and −1 ≤ ε t ≤ 1 (perfectly smooth spheres have ε t = 1). In this case, the normal and the tangential components of the relative velocity of the two contacting points after impact are given as
From Eq. (2 . 22) and the conservation of linear and angular momenta, the changes of the normal and the tangential components of the relative velocity of the centers of the two particles are given as
where
In the above, K is the coefficient of the moment of inertia, e.g., I 1 = Km 1 R 2 1 , and K = 2/5 for a homogeneous sphere. §3. Velocity dispersion Velocity dispersion of ring particles is an important quantity related to rings' dynamical evolution as well as their structures. 2), 3) For example, the thickness of a ring is determined by the particles' vertical velocity dispersion, and the rate of angular momentum transfer in dilute rings is related to particle velocity dispersion ( §5). In the case of dilute particle disks, the velocity dispersion evolves through successive binary interactions (collisions or gravitational encounters), and the evolution can be described by the formulation based on the three-body problem discussed in §2. Such an approximation is valid for planetesimal disks in planetary formation, 9), 18) or rings with low optical depth. 10) Here, we will mostly focus on the evolution of velocity dispersion in such dilute rings, and briefly discuss the case of dense rings where collective effects are important.
Here, we introduce eccentricity and inclination vectors defined by 7)-10) Thus, e j and i j can be treated like velocity vectors in the Cartesian coordinate system. In the same manner, the eccentricity and inclination vectors for the center of mass motion can be defined as
Since the center of mass motion is unaffected by collision or gravitational interaction between particles,
where Δ denotes the changes due to a collision or gravitational encounter. Now, we consider dilute rings consisting of particles with two size-components m 1 and m 2 , and derive an evolution equation for their velocity dispersion. 10) From Eqs. (3 . 3) and (3 . 4),
Using Eq. (3 . 5), we have
In the above, Δe 2 1 is the change in e 2 1 during a single encounter, and is a function of initial orbital elements of the interacting two particles. The number of particles 2 approaching the particle 1 per unit time with b 2 corresponding to the range b ∼ b+db is given by N s2 (3/2)Ω|b|db, where N s2 is the surface number density of particle 2, and (3/2)Ω|b| is the approaching velocity of the guiding center of particle 2 due to the Kepler shear. Integrating over b and averaging over the distribution functions of eccentricities and inclinations of particles 1 and 2, the evolution of e 2 1 can be written as 10)
N -body simulation of planetesimal disks that evolve through their mutual gravitational encounters show that planetesimals' orbital eccentricities and inclinations follow the Rayleigh distribution 19) 10) which is equivalent to the Gaussian distribution of random velocities (i.e., velocity components corresponding to the deviation from the coplanar, circular orbits). 20) In the case of dilute rings, it was also shown by N -body simulation that the distribution can be approximated by Eq. (3 . 10). 21) Velocity dispersions of particle j in the radial and vertical directions are related to the mean square eccentricities and inclinations as
Substituting Eqs. (3 . 8) and (3 . 10) into (3 . 9) and employing suitable variable transformation, the integration over the orbital elements that are related to the center of mass motion can be carried out to obtain 10) In the above,
is the component of Δe that is parallel to e, and where
, and P VS and P DF are the viscous stirring and dynamical friction rates for interactions between m 1 and m j . Similarly, we obtain the corresponding equation for orbital inclinations as
where Q VS and Q DF are the viscous stirring and dynamical friction rates for inclinations. Note that P VS etc. are functions of scaled orbital elements. Therefore, these rates can be obtained by numerically or analytically solving Eq. (2 . 13) and expressed as a function of ẽ 2 and ĩ 2 . In a general case where particles have a size distribution, the evolution equations can be written as 10) d e 2
where m = m/(m 1 + m), and n s (m)dm is the surface number density of particles within the mass range of m to m + dm. Using the above stirring and dynamical friction rates obtained by three-body orbital integration and solving the evolution equation, we can calculate the evolution of the velocity dispersion of particles in dilute systems and examine their steady state. Figure 3 shows examples of calculation of the evolution of velocity dispersion for planetesimal disks and dilute planetary rings. In both cases, results are compared with N -body simulation, and we confirm excellent agreement between the two results. We can see that large particles tend to have small velocity dispersion owing to the effect of dynamical friction. N -body simulations of planetary rings with particle size distribution also show a similar tendency; large particles are concentrated near the midplane with small vertical velocity dispersions, while small particles have a large vertical scale height. 23)-25) Such vertical heterogeneity needs to be taken into account in developing models to explain various observations of Saturn's rings. In dilute systems, their equilibrium velocity dispersions can be examined either by direct N -body simulation 5), 21) or by solving the above evolution equation with the use of the stirring and dynamical friction rates obtained by three-body orbital integration. 10) For example, in the case of dilute rings consisting of equal-sized particles, the velocity dispersion is found to be on the order of RΩ when r h 1 and inelastic collisions dominate particles' velocity evolution, while it is on the order of particles' mutual escape velocity v esc = 2Gm/R when r h 1 and gravitational encounters become important. The above method based on the evolution equation can be easily applied to systems consisting of particles with a wide range of sizes. 18) On the other hand, in the case of dense self-gravitating rings, collective effects become important, and the velocity evolution deviates from the above results based on the three-body formalism. 5), 21) In such dense rings, irregular structures called gravitational wakes form due to rings' self-gravity (Refs. 4)-6); Fig. 4 ). The velocity dispersion in such dense rings is adjusted so that the Toomre parameter Q ≡ σ r Ω/(3.36GΣ) (Σ is the ring's surface mass density) is about 2 − 3. 5) When such irregular structures form, self-gravity also plays an important role in angular momentum transfer within the disk ( §5).
When r h is sufficiently smaller than unity, as in the case shown in Fig. 4 , the effect of the finite size of particles prevents gravitational accretion of particles. Therefore, . 19)). In the case of r p = 0.75, the orbit results in escape after the first collision, while the orbit in the case of r p = 0.6 leads to accretion (i.e., E becomes negative) after the second impact. Redrawn from Ref. 11).
gravitational wakes are not permanent structures, but are forming and dissolving in a timescale of about one orbital period. 4)-6) However, when r h is larger than unity (or equivalently r p < 1), gravitational accretion of particles becomes possible, if sufficient energy is dissipated at collision (Fig. 5 ). 4), 5), 11) Observations of small moons near the outer edge of Saturn's A ring by the Cassini spacecraft suggest that such gravitational accretion of particles took place in the region. 26) §4. Particle spins
In the studies of the origin of the rotation of terrestrial planets, mean and mean square angular momenta that a planet acquires by accretion of planetesimals are evaluated both analytically and numerically, assuming that planetesimals are accreted by the planet whenever they collide (see a review by Ref. 27) ). These studies show that the systematic component of rotation that a planet obtains from a disk of small planetesimals is too small to explain the current rotation of Mars or the total angular momentum of the Earth-Moon system, and that the stochastic component imparted by large impactors needs to be taken into account.
Ring particles likely have rough surfaces, and an oblique impact between them leads to rotation. In ring-satellite systems where the tidal force of the central planet is important, inelastic rebound of particles needs to be taken into account. Rotation rates of a moonlet caused by collisions of ring particles was studied by analytic calculation and three-body orbital integration. 16), 17) These studies show that the systematic component of rotation arising from a number of small impacts leads to the prograge equilibrium rotation rate comparable to the synchronous rotation rate (Fig. 6) , while the stochastic component is dominant when the mass of impacting particles is comparable to the moonlet's mass. In the study of rotation rates of ring particles, energy exchange between rotation and random orbital motion needs to be taken into account. N -body simulations of rings with spinning, equal-sized particles showed that the rotation rates are on the order of the orbital angular velocity Ω, while small particles were found to spin much faster when size distribution is taken into account. 15), 24), 25), 28) As an alternative approach, we can derive and solve an evolution equation for the particle rotational energy, which is similar to the evolution equation for the velocity dispersion we discussed in §3. 29), 30) As we can see in Eqs. (2 . 20) and (2 . 23), in the equation of motion in the rotating coordinate system, the effect of particle spins always appears in the form of R i ω Ri . In terms of ω Ri , we define the "random rotational energy" of a particle in the rotating coordinate system as
The change of spin angular velocity of particle i (i = 1, 2) due to a collision between particles 1 and 2 can be written as 29) 
Using Eq. (4 . 3), Eq. (4 . 2) can be rewritten as
Here, we define the spin velocity vector of particle i as
Furthermore, we define s and S as
Then, from Eq. (4 . 4) to (4 . 6), we find that S is conserved during impact, i.e., On the other hand, using Eq. (4 . 6), s 1 and s 2 can be written as Then, the change rate of the mean random rotational energy of component 1 particles due to collisions with component 2 particles can be written as N -body simulations show that the above assumptions are reasonable ones. 24), 28) Substituting Eqs. (4 . 9) and (4 . 11) into Eq. (4 . 10) and employing suitable variable transformation, the integration over the orbital elements that are related to the center of mass motion can be carried out to obtain 29) 
where Δω R is the component of Δω R that is parallel to ω R , and S CS and S RF are the non-dimensional rates of evolution (collisional stirring and rotational friction rates) defined in terms of the relative orbital elements (ẽ andĩ) and the relative spin rate (ω R ≡ ω R /Ω) as 29)
Taking further into account interactions among particles of the same size, we obtain Figure 7 shows an example of numerical results obtained by solving the above evolution equation for the rotational energy for a ring consisting of two size-components. We confirm excellent agreement with N -body simulation. Although effects of particle spins on rings' dynamical evolution are shown to be rather limited, 5), 24), 31) spin rates of ring particles are important in relation to observations of rings' thermal emission. The primary heat source for Saturn's rings is the sunlight. Also, thermal radiation and reflected sunlight from Saturn contribute to the heating of the inner rings, and mutual heating between nearby particles are important for dense rings. The response of ring particles to such heating depends on their physical and dynamical properties, including their spin rates. Particles with spin period much longer than their thermal relaxation time can be regarded as slow rotators, which radiate their thermal emission mainly from the face illuminated by the sunlight, while fast rotators with random spin orientations radiate over their whole surface area. Comparison between observations of rings' thermal emission with model calculations provides constraints on physical properties as well as spin states and structure of the rings. 32), 33) For example, the observed temperature decrease with increasing solar phase angle suggests a population of slowly spinning particles in Saturn's rings. Furthermore, the derived thermal inertia values suggest that slowly spinning large particles more easily retain surface regolith layers than rapidly spinning small particles. 33) More detailed thermal modeling incorporating particle spatial and spin distributions obtained from dynamical simulations would provide better constraints on particle properties. §5. Viscosity
As a result of mutual collisions and gravitational interactions between particles, angular momentum transfer takes place in planetary rings. Angular momentum transfer determines the time scale of radial spreading, and is described in terms of viscosity.
In dilute rings where the mean collision time is much longer than the orbital period, viscosity is determined by the extent of radial excursion of particles (∼ σ/Ω; σ is the particle velocity dispersion) and the mean collision frequency (∼ τ Ω) as ν ∼ (σ/Ω) 2 × τ Ω, or 1), 3), 31) ν ∼ σ 2 τ /Ω,
where τ is the ring optical depth. As we mentioned in §3, σ ∼ RΩ when r h 1 and inelastic collision determines particle velocity evolution, while σ ∼ v esc when r h 1 and gravitational encounters are important. In the case of dense rings with no or weak self-gravity, mean free path of particles becomes on the order of the particle radius R and the momentum transfer by a collision over the distance R is important. In this case, the viscosity can be given as 14) ν ∼ R 2 τ Ω.
2)
The validity of the above expression was confirmed by N -body simulations. 3), 12), 31), 34) On the other hand, N -body simulations of self-gravitating collisional particle disks show that viscosity is strongly enhanced when particle disks become gravitationally unstable and gravitational wakes are formed (Fig. 8). 3), 12), 31), 35) In this case, the typical length scale of the wakes is the critical wavelength related to axisymmetric gravitational instability (∼ GΣ/Ω 2 , where Σ is the disk surface mass density), and the viscosity in such a self-gravitating disk can be estimated as ν ∼ G 2 Σ 2 /Ω 3 . 36) In fact, N -body simulations of dense collisional rings with self-gravitating particles show that the viscosity can be expressed in a similar form but with a correction factor, as
and C(r h ) ∝ r 5 h has been suggested from results of N -body simulations. 3), 12), 31) This correction factor represents the effect of finite size of particles in planetary rings. When r h 1, the strong self-gravity of the disk results in the formation of enhanced wake structures and efficient angular momentum transfer. On the other hand, when r h is significantly smaller than unity, the effect of finite size of particles prevents particle clumping, thus the self-gravity effect on ring viscosity is negligible. N -body simulations show that the value of the viscosity also depends on the elastic properties of particles, and the viscosity varies by a factor of 2 − 3 when particle restitution coefficients are changed. 3), 12), 31) Although the above semi-analytic expressions for ring viscosity have been derived empirically by comparing with numerical simulations, detailed theoretical modeling of viscosity in self-gravitating collisional disks would be useful for a better understanding of the dynamics in dense planetary rings.
